Catastrophe optics provides insights into the structure of the caustics produced by seismic events. Two examples are given, The first is the caustic formed on the surface of the Earth between 10" and 30" from the event by P rays that have reached the transition zone of the mantle. This is organized by one or more approximately circular cusp lines; these are generally below the surface, but because of lateral (regional) variations, they are puckered. Where they intersect the surface they give rise t o characteristic beak-to-beak and lips patterns. The second example is the caustic structure produced by refraction at the core-mantle boundary. There is a four-cusped figure at the antipodal point, and, in addition, it is suggested that the main 143"PKP caustic is actually cusped, the cusps being smeared out when radially symmetric earth models are used. The cusps arise from bumps on the coremantle boundary. In general, the caustic, and its accompanying diffraction structure, associated with a bump can be understood as an unfolding of the parabolic umbilic catastrophe.
Introduction
It is well known (Gutenberg 1959; Bott 1982 ) that neighbouring curved rays from a distant seismic event can sometimes come together, or focus, t o form an envelope or caustic surface. Caustics in ray families are not unusual; indeed a point source in a general non-uniform medium will always produce caustics, given a long enough path. Where a caustic surface intersects the surface of the Earth, there will be a line of high signal strength.
The last decade has seen the emergence of a much deeper understanding of light caustics, brought about by the application of catastrophe theory. Catastrophe optics (Berry 1976; Berry & Upstill 1980) , which is based on Thorn's classification of the singularities of gradient maps, offers an understanding of the organization and structure of caustics that is as valid for seismic rays as it is for light rays. Moreover, the fine diffraction structure associated with seismic caustics is elegantly expressed, just as it is for light caustics, in terms of a few basic J. F. Nye patterns, or diffraction catastrophes. &a1 (1 984) has recently studied the seismic caustics that arise from focusing by sedimentary basins, while Dangelmayr & Guttinger (1982) have extensively reviewed the problem of caustic structure in reflection seismology and in remote sensing generally. Our purpose here is to view two particular examples of seismic caustics in the light of the new knowledge in optics.
Classification of seismic caustics
To introduce our examples consider a seismic event at the surface of an inhomogeneous but spherically symmetric earth, and let T ( A ) denote the time of travel of a body wave t o a receiving station on the surface at an angular distance A. The angle @ between a ray reaching the receiver and the Earth's surface is given by (Fig. la) cos @ = (u/R)dT/dA, where u is the wave velocity at the receiver and R is the radius of the Earth. Thus dT/dA, denoted as usual by p , is a measure of ray direction at the receiver and can be calculated if the function T ( A ) is known. Note that this defines the ray parameterp solely in terms of quantities local to the receiving station.
When p is plotted against A for a given type of body wave it is found that a single position A can correspond to more than one ray direction, as for example in Fig. l(b) , where three rays arrive between A, and Ab but only one elsewhere. The boundaries A, and Ab between regions of different multiplicity are caustics. Since receiving stations are sparsely distributed it would be difficult t o establish a curve like Fig. l(b) from a single seismic event, and in practice it is done in the first instance by invoking the assumption of a spherically symmetric earth model and averaging for many different events at different positions. However, t o accommodate observed regional differences in the p : A curves one must clearly go to a model that is no longer spherically symmetric. 
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Consider then a much more general earth model, not spherically symmetric, inhomogeneous and anisotropic, where there is a single seismic event at any depth. The strength of catastrophe optics is that it can deal quite naturally with problems like this which lack symmetry. In the vicinity of a chosen receiving station take surface coordinates A,. A, (angles or distances), with A, pointing towards the event and A, at right angles, and assume that the travel-time function T(Al, A,) for a body wave is known. Then the two quantities (aT/aA,, aT/aA,) = (PI, p,) say, provide a measure 2f the direction of the arriving ray for each point (Al, A,). There is a mapping from (p,, p,) to (A,, A,) and the singularities of this mapping are the caustics. Arrivals by different paths mean that the function T(Al, A,) is multivalued, but it is possible (e.g. equation (57) A similar Legendre transform r ( p ) is sometimes used in the inversion problem with a spherically symmetric earth (Gerver & Markushevitch 1966 , 1967 Bessanova et al. 1974 Bessanova et al. , 1976 Kennett 1976 (Berry 1976) ; that is to say, in this case, the stable caustics on the Earth's surface (Al, A,) (i.e. those that survive perturbation) will take the form of lines (folds), and the lines will have cusps on them.
In three dimensions (A,, A,, A3), where A3 is a vertical coordinate, the caustics are surfaces (folds) which have sharp ribs (cusp lines) on them (Fig. 2) ; the Earth's surface provides a two-dimensional section of this three-dimensional caustic structure. The basic assumption of a well-defined but multivalued travel time means that we could think of the waves either as monochromatic (as filtered by a narrow-band receiver) or as non-dispersive pulses.
3 Caustics between 10" and 30"
There has been much discussion of the caustic structure that arises from one or more sudden increases of seismic velocity with depth in the transition zone of the mantle (Bott 1982, pp. 153-155) . In its simplest form t h e p : A relation for P-waves is that of Fig J. I? Nye caustic on the Earth's surface (Fig. 3a , b) would consist of two concentric circles of angular radii A, and Ab centred on the epicentre F of the event. It is clear from ray diagrams that in three dimensions this corresponds to a cusp-line caustic within the Earth with the cusp C pointing inwards and towards the source, rather than being virtual (outside the Earth) and pointing outwards. The region between A, and Ab, where there are three rays, lies inside the cusp. Although a cusp line is structurally stable, that is, a small perturbation will merely move it, not destroy it, nevertheless its position can be quite sensitive to perturbation. The existence of a 3-ray region, and therefore the depth and existence of the cusp line within the Earth, is sensitive to quite subtle details of the velocity-depth relation. Lateral (regional) variations in this relation mean that the cusp line will not be circular but puckered, running at different depths at different places. Observations suggest (Bott 1982, p. 161 and Dziewonski, Hager & O'Connell 1977) lateral variations of seismic velocity in the transition zone of up to 1 per cent, perhaps associated with penetration by sinking lithosphere or the rising hot plumes of convection currents. With enough variation the cusp line will intersect the surface of the Earth, and the result will be beak-to-beak and lips structures on the surface (Fig. 3c) . Observations (Burdick & Helmberger 1978) in the western United States show a p : A relation (Fig. lc) with one, three or five different p values according to the value of A. This suggests a caustic of the general character of Fig. 3(d) , where, in certain ranges of A,, a line of constant A, can cut through regions of one, three, five, three, one rays in turn. Thus, although the p : A relation (or, better, the p : A, relation) of Fig. l(c) arises from an essentially radially stratified structure, the fact that it is apparently not world-wide, and can change, say, into Caustics in seismology 481 inevitably implies that there must be critical places of transition. These are the cusps and crossovers in Fig. 3(d) . We may note that other studies (Hales, Muirhead & Rynn 1980) have invoked even more complex velocity-depth relations with consequential complexity in the 7'(A,) curves.
The surface caustic pattern of Fig. 3(d) implies that, in three dimensions, there is more than one cusp line running nearly parallel to the surface and occasionally intersecting it. Below the surface, different cusp lines would be expected occasionally to come together in swallowtail points.
Another way of looking at the sensitivity of the depth of the cusp lines is to regard the control parameter Q, not as a lateral coordinate but as a model parameter, so that adjustment of A, corresponds to passing from one earth model to another; or, alternatively (invoking the generality of catastrophe theory) A2 could refer to the depth of the seismic event.
The only singularities on the fold lines, apart from 'accidental' crossings, will be cusps. At a crossing strong P-waves arrive from two different directions at different times, while at a cusp only one very strong P-wave arrives from a single direction. This is the highest kind of focusing that can occur (there being no special symmetry). Note that the cusps tend to be aligned in the azimuthal direction A,. In practice, for a given event no receiving station or array of receivers will be located precisely on a fold, and still less on a cusp, but the knowledge that these singularities exist may still be useful.
The intensity at a fold or cusp is infinite on a ray model, but it is precisely here that the concept of rays breaks down; in reality the focusing is softened by diffraction. Both the fold and the cusp are accompanied by their own characteristic diffraction patterns, called 'diffraction catastrophes': for the fold the Airy pattern, and for the cusp the Pearcey pattern (Berry & Upstill 1980) . Both are visible in Plate I(b). These two patterns are universal, in the sense that every fold has the same local diffraction pattern apart from a homogeneous distortion, and so likewise does every cusp. It is useful to know that a small change in the model (for example, in the supposed depth or position of the event or in the postulated seismic velocity distribution) preserves intact not only the folds and cusps but also their diffraction patterns; the structural stability of the patterns ensures that they are merely slightly shifted and distorted.
4 Caustics by refraction at the core-mantle boundary A rather different kind of caustic occurs at A = 143' as a result of rays that have been refracted twice at the core-mantle boundary. The two-dimensional picture is well known (Fig. 4a) . The P-waves from a seismic event at F cast a shadow of the core at Q(A = 103"). Along QB no direct P rays arrive which have not penetrated the inner core. The point B is the outcrop on the Earth's surface of a caustic that is the envelope of rays (PKP) that have been refracted through the core. Beyond B rays reach a typical point R from two different directions. For a spherically symmetric earth we can rotate the figure about FO and see that the caustic line on the surface is a circle centred on the epicentre.
Returning to the ray that reaches Q, the next ray from F that meets the core at just more than grazing incidence is refracted through the core to emerge at A with A near to 180". For caustic formation it is critical that A at A, measured in the sense shown in Fig. 4(a) , is greater than 180"; Gutenberg (1959) gives A = 187". The ray to A then intersects the axis FO within the Earth, at A' say. On rotation about FO, it is seen that an infinite number of rays pass through A', because it is the apex of a double cone of rays, and the same is true for all points on A' F'; thus A' becomes the inward end of a caustic line, which outcrops on the surface at F' as a caustic point. A caustic point does not appear in Thom's list of stable catastrophes in two dimensions, and it is in fact highly unstable. Under the perturbation represented by the non-sphericity of the Earth it will tend to break up into a four-cusped figure (Fig. 4a, inset) as discussed in appendix 2 of Berry & Upstill (1980) and by Berry (1981) (unless the event happened to be close to the Earth's axis). A detailed study by Rial & Cormier (1980) of the Inangahua earthquake of 1968 May 23 in New Zealand shows a clear focusing of PKP-rays at a station with A = 179.25". The amplitude here is 3.5 times as great as it is at A = 176.50", and 7 times as great as it is at A = 175.00", which suggests that the four-cusped figure is quite compact. An instructive optical analogy for the region SR is provided by the arrangement of Fig. 4(b) , in which a plane wave travelling upwards is refracted by a small drop of water a few millimetres in diameter resting on a glass slide (Nye 1978) . The drop acts as an imperfect lens. On a screen above it there is a shadow zone from Q to B which is bounded by a caustic at B, just as for the Earth caustic. Points just inside the caustic, at R for example, are places where two rays from different parts of the drop intersect, as shown. As R approaches B the two rays coalesce and produce the bright caustic. I f the water drop were axially symmetric the caustic on the screen would be a circle. When the experiment is done it is found that small irregularities around the edge of the drop always cause the caustic to be cusped (Fig. 4c) . In fact it may be shown theoretically (Berry 1976 ) that, because the form of the water surface, and therefore of the wavefronts, is governed by surface tension, cusped edges must necessarily occur in the three-dimensional caustic whenever there is any departure from perfect axial symmetry. For the Earth caustic there is no comparable restriction on the form of the wavefronts, and therefore the 143" caustic is not structurally unstable in this way.
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Nevertheless, one is prompted to ask whether the 'circular' caustic is in fact cusped. The answer seems to be that it is, because of irregularities at or near the core-mantle boundary.
There are signals that arrive outside the caustic at times too early to be explained as due to reflections (PKiKP) or refractions (PKIKP) at the boundary of the inner core. Their detailed characteristics indicate that these precursors arise from structural inhomogeneities at or near the core-mantle boundary (Haddon 1982) , and one hypothesis to explain at least some of them is that there are bumps on this boundary a few hundred metres in height and perhaps 10-30 km in lateral extent. Assuming a velocity ratio of 2, the focal length of such a bump regarded as a lens is some 200 km, which is much less than the depth of the coremantle boundary. That is, the focus lies within the Earth.
So let us consider the two principal curvatures of a wave leaving the core-mantle boundary at a given point of the locus on the wavefront that gives rise to the 143" caustic on the surface, and purely for ease of explanation we will make the simplification that the rays are straight after emerging from the core. From the presence of the caustic we know that the radius of curvature of the wave in the plane of Fig. 4(a) is just equal to the thickness of the mantle, measured along the ray. The above calculation of focal length shows that, if there happened to be a bump near this point, the other principal radius of curvature, perpendicular to Fig. 4(a) , can also be of this magnitude. But this is precisely the situation that gives rise to a radial cusp (Fig. 4c) in the otherwise circular caustic.
The angular perturbation of a ray produced by a bump of this size is about 3', corresponding to a change in A of say 2", and so the associated cusp will only protrude by about this amount from the unperturbed circular caustic. On this interpretation the observed 143" caustic is the result of assembling points from a large number of different cusped causticsone for each seismic event -and is thus a cusped caustic with the cusps smeared out by world-wide averaging.
A bump does not necessarily produce a cusp in the main caustic. More generally, our argument shows that, whether the disturbance on the core-mantle boundary is on the source or the receiver side, the two principal radii of curvature of the wavefront leaving this boundary can be of the same order of magnitude. We can therefore expect special points on the wavefront where the two radii are exactly equal -umbilic points. The umbilic points on the wavefront are important because optical studies show that their foci act as organizing centres for the rest of the caustic structure.
Of particular interest will be umbilic points that occur near the locus on the wavefront that is giving rise to the main circular caustic. An umbilic point exactly on this locus gives a parabolic umbilic caustic; therefore umbilic points close t o the locus give characteristic unfoldings whose organizing centre is a parabolic umbilic focus. Plate 1 shows an example from a water drop . However, in this case diffraction plays an important part. Three elliptic umbilic points on the wavefront have given, not the three curvilinear triangles predicted by ray theory, but the three-rayed stars visible in Plate I(a) just inside the main caustic. Each star is a section of the characteristic diffraction pattern of a long drawn-out elliptic umbilic focus.
The seismic caustic will be similarly subject to blurring by diffraction, and for the umbilic points this effect may be estimated by using the exact calculation in Berry, Nye & Wright (1979) . The distance of the first dark fringe of the diffraction star from its centre is 6 = 1 .7h2"fH''3/L, where h is the wavelength, f i s the focal distance, a n d H is the depth and L the width of the umbilic depression in the wavefront leaving the core. Within present uncertainties we can take H and L to refer equally well to the shape of the core-mantle boundary (the velocity contrast being a factor of about 2). Then withH= 300 m, L = 20 km, f = 3000 km we find 6 = 790 km for waves of 1 Hz ( h = 10 km) and 6 = 170 km for waves of 10 Hz
(A = 1 km), that is, an angular spread of 7.1" and 1.5" respectively. Thus diffraction from a depression of these dimensions would be a comparatively large effect, not dissimilar to that in Plate 1. The observed concentration of PKP energy around 143" suggests (a) that the actual diffraction is not quite as large as this, and (b) that the cusps in the 143' caustic may not in fact protrude quite as much as was calculated above. Both points would be met by increasing the width L of the depression considered by a factor of 3, say, t o 60 km.
The diffraction at an umbilic focus can be regarded as due to interference between two or four nearly coincident rays, except very close to where the ray caustic would be, because there the very concept of rays breaks down. Although the diffraction effect is caused by the small lateral scale of the bumps or depressions, it is quite different from the usual Fraunhofer diffraction from small apertures or objects. This is clearly seen in the wavelength dependence of the pattern scale: AZ3 rather than A, as it would be for Fraunhofer diffraction. These considerations refer to the scale of the fringes in the pattern; it is important to note that the size of the diffraction patch actually generated is limited by the angular deviation of the rays that the bump is able to produce. The focal length of the bump is not critical because the focus is so long drawn out.
All this presupposes that the core-mantle boundary is smooth enough at the relevant wavelengths t o give specular behaviour. In fact, according to Haddon (1982) , two kinds of signals are observed: 'impulsive-type' arrivals, which come from a definite direction and which correspond t o specular behaviour, and arrivals whose direction varies in a continuous way during the 10 s or so that the pulse lasts. The latter may be plausibly supposed to arise from individual linear non-specular scattering structures on or near the core-mantle boundary. Thus, in line with Haddon's suggestions, a reasonable, but not necessarily unique, model, which explains both types of arrival, would be a smooth but slightly uneven coremantle boundary with occasional 'scratches' (valleys and ridges) on it, uneven enough to scatter rather than refract wavelengths of 1-10 km.
In problems such as these, catastrophe optics does not help directly by suggesting improved earth models. Its value lies rather in systematizing observations: first, it shows what kinds of caustics and diffraction t o expect when symmetry is broken, and, second. it guarantees that, symmetry being broken, the resulting patterns are universal and structurally stable. fig. 7 of Nye 1978) . The fringes running parallel to each fold caustic are the Airy diffraction pattern, while the Pearcey diffraction pattern is seen at each cusp.
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